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Abstract

Quantum entanglement is the key to quantum communications over considerable distances. The
first step for entanglement distribution among quantum communication nodes is to generate link-level
Einstein—Podolsky—Rosen (EPR) pairs between adjacent communication nodes. EPR pairs may be con-
tinuously generated and stored in a few quantum memories to be ready for utilization by quantum
applications. A major challenge is that qubits suffer from unavoidable noise due to their interaction with
the environment, which is called decoherence. This decoherence results in the known exponential decay
model of the fidelity of the qubits with time, thus, limiting the lifetime of a qubit in a quantum memory
and the performance of quantum applications.

In this paper, we evaluate the fidelity of the stored EPR pairs under two opposite dynamical and
probabilistic phenomena, first, the aforementioned decoherence and second purification, i.e. an operation
to improve the fidelity of an EPR pair at the expense of sacrificing another EPR pair. Instead of applying
the purification as soon as two EPR pairs are generated, we introduce a Purification scheme Beyond the
Generation time (PBG) of two EPR pairs. We analytically show the probability distribution of the
fidelity of stored link-level EPR pairs in a system with two quantum memories at each node allowing a
maximum of two stored EPR pairs. In addition, we apply a PBG scheme that purifies the two stored
EPR pairs upon the generation of an additional one. We finally provide numerical evaluations of the
analytical approach and show the fidelity-rate trade-off of the considered purification scheme.

1 Introduction

Quantum entanglement lies at the core of the quantum Internet which enables quantum applications including
quantum communications [IL2], quantum key distribution [34] and distributed quantum computation [5].
A major challenge is that qubits suffer from unavoidable decoherence, which results in a rapid decay in the
quality of the entangled Einstein—Podolsky—Rosen (EPR) qubit pair with time [6]7]. A corresponding quality
metric, also denoted fidelity, measures the closeness between the noisy EPR pairs and the original (desired)
one. In the phase damping decoherence model, the fidelity decays exponentially with time [§].

A canonical model for quantum networks with quantum memories or queues assumes that EPR pairs
are continuously generated and stored to be ready to respond to transmission requests of qubits resulting
in a high-capacity network [9]. The quantum network must guarantee a sufficient fidelity for the desired
application and due to the probabilistic nature of quantum operations the higher the fidelity, the better
the quality attained by the application. To this end, the goal of network nodes is to generate high-fidelity
entanglements, ensure the validity of the stored ones and apply purification to them.

The generation of high-fidelity entanglements through purification involves consuming a smaller or equal
fidelity EPR pair to improve the fidelity of another pair. In [T0HI3] different recurrence purification schemes
are proposed using multiple purification rounds to generate one very high-fidelity EPR pair. Specifically, we
start from the purification scheme in [II] as a baseline to compute the fidelity distribution. Also note that
some works consider entanglement cut-off times, i.e., a deadline after which the fidelity is assumed below a
required threshold, to ensure a minimum validity of the stored EPR pairs. For example, the work in [I4]
assumes the cut-off times are probabilistic and modeled by an exponential distribution based on which the
EPR pairs stored in the quantum queue are dropped.
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Figure 1: A sample path realization of the fidelity of two EPR pairs stored in the size-two memory system with
fidelities Fy(t) and Fy(t) such that F5(¢) always represents the lower fidelity EPR pair. Entanglement inter-
generation times are given by the random sequence {7;}. Purification takes place upon a new entanglement
generation to a full system where the fidelity improves in case of purification success while the two stored
pairs are lost in case of purification failure.

In this paper, we address the gap in the literature on the derivation of the fidelity steady-state distribution
of stored EPR pairs under purification. Purification is usually treated as a mechanism to initially generate
high fidelity EPR pairs [I0HI3]. Its application beyond the initial generation on the stored EPR pairs is
rarely considered. The purification of the stored EPR pairs has the potential to improve the fidelity at the
expense of reducing the average number of EPR pairs in the system, which inherently leads to a rate-fidelity
trade-off. We denote the purification scheme applied beyond the generation of an EPR pair as PBG.

In this paper, we derive the steady-state probability distribution of the fidelity of the link-level entangle-
ments in a system with a few quantum memories in isolation of any request process. In addition, we apply a
PBG scheme that distillates the stored EPR pairs before storing a newly generated pair when the quantum
memory is full. To the best of our knowledge, this is the first work that evaluates the fidelity distribution of
the stored EPR pairs in the quantum memories and the effect of the PBG schemes.

The remainder of the paper is structured as follows: We first describe the model and problem statement
in Sect. 2} In Sect.[Bl we derive the steady-state fidelity distribution of the stored EPR pairs. We numerically
evaluate the proposed approach in Sect. [l and summarize the related work in Sect. Bl before concluding the
paper and discussing open problems in Sect.

2 Model and Problem statement

We model the entanglement generation as Bernoulli trials with success probability p, within a time slot At
similar to [I5,16]. One rationale that the entanglement generation is probabilistic is that the optical fiber
is assumed to absorb the transmitted qubit from one node to the other with probability 1 —p, =1 — e M,
where [ is the fiber length between the communication nodes and 7 is the attenuation coefficient [I7]. This
is associated with the link-level entanglement generation schemes that require qubit transmission through
a fiber of length [ as discussed in [IL[I0]. The scheme that we consider in this paper involves, first, the
preparation of an EPR pair at one node before sending half of it, i.e., one of the two entangled qubits, to
the other node, hence, I denotes the link length. In addition, each entanglement generation attempt takes
ideally At = I/c duration, where ¢ is the speed of light. Following the formulation from [10] the fidelity of
an EPR pair at time ¢y decays with time due to decoherence as

F(t) = % (1 + (2F (to) — 1)6—(t—to)/tc) , "

where 1/t. is the decoherence rate and F'(tg) is the fidelity of the EPR pair at time to. In this work, we
assume a perfect EPR generation. Note that this assumption does not affect our analytical approach to
obtain the fidelity distribution.

We assume a PBG scheme to maintain high fidelity. This entails attempting to purify the two stored
EPR pairs at the moment of a successful generation of an additional one. Instead of dropping the lowest
fidelity EPR pair to be replaced by the freshly generated one, we use it to purify the other stored EPR pair.
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Figure 2: A sample path realization showing the application of PBG on the two stored EPR pairs with
ages Any (shown) and Ang (not shown), respectively, obtains a purified EPR pair with a fidelity value
equivalent to an EPR generated at a later time point with shortened age An, < An;. The time point t'g is
the hypothetical generation time of the EPR pair with an equivalent fidelity to the purified EPR pair at ¢,,.

Specifically, we consider the purification scheme in [I1], where the fidelity of the purified EPR pair becomes

B FFy
By, 1) = FF+(1—-F)(1-F) 2)

with a purification success probability ps given by
pS(Fl,FQ):F1F2+(1—F1)(1—F2). (3)

Here, F; and F5 denote the fidelity of the first and the second pair, respectively.

In Fig. [l we illustrate the model of the purification protocol using a sample path realization of the
fidelity of the EPR pairs over time. We assume the system contains one EPR pair at time ¢ = 0 and its
fidelity decays with time due to decoherence as in ([Il). As per the Bernoulli assumption on the generation
from above the inter-generation times {7;}; come from a geometric distribution denoting the time between
two successful EPR pair generations. When an EPR pair is generated and the quantum memories are full,
purification takes place between the two stored EPR pairs. The figure shows the improved fidelity obtained
from purification as well as the random event of purification failure leading to losing the two stored EPR
pairs.

Next, we calculate the steady-state distribution of the fidelity of the EPR pairs in the system with a few
quantum memories. The hardness of the problem originates from the hardness of tracking the fidelity due to
its dependence on the purification outcome which in turn recursively depends on the fidelity at the previous
purification attempts.

3 Approach

Motivated by the Bernoulli modeling of the EPR generation in Sect. 2l our key idea for calculating the
fidelity distribution is to track the fidelity decay at each time slot by discretizing the fidelity proportional
to the time slots. This allows modeling the fidelity using a discrete time Markov chain (DTMC). We divide
the fidelity range into N 4 1 discrete levels proportional to its decay ranging from the lowest fidelity value
F, to the initial fidelity of the generated EPR pair Fy as

F(An) = % (1+ (2F — 1)e=*2") (4)

where An € {0,1,..., N} is the time duration elapsed since the entanglement generation, which we denote
the age (given in discrete time) and o := At/t. denotes the decoherence coefficient in one time slot. We do
not consider the fidelity beyond the lowest value F,. Since the age An uniquely defines the fidelity level, we
model the fidelity level as a result of a successful purification of two EPR pairs by an EPR pair with equal
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Figure 3: DTMC modelling of the fidelity of the EPR pairs stored in the system. A state (z,y) corresponds
to the age of the stored EPR pairs x,y, respectively where z < y denotes the ordering of the pairs. Recall
that the discretization in (l) provides a one to one mapping of the age to the discrete fidelity levels. The
description of the transitions represented by the dotted arrows is in the text below.

or smaller age An, according to

Any(Ang, Ang) =
-1 2FP(ATL1, A’ng) -1
max({aln( oFy 1 )-‘,O), (5)

where F,(Ani, Ang) is the fidelity after purification of the two EPR pairs from (@) and An; and Ang are
the ages corresponding to the fidelities of the stored EPR pairs Fj(n) and Fs(n), respectively. Here F;(n)
is the fidelity at slot n on the discrete time lattice. Since Fj,(Ani, Ang) may not correspond to one of the
discrete fidelity levels, we use [.] to map the purification age to the next larger integer to lower bound the
purified fidelity. In case F), > Fj, which may occur for small initial EPR fidelity, the maximum operation in
(B) maintains An, > 0 corresponding to the highest fidelity Fp.

Note that the reduced age due to purification does not reflect the actual time the EPR pair spent in the
memory. In our model, the purified pair obtains a fidelity value from (2]) with success probability (B]) that
is equivalent to the fidelity of an EPR with a later generation time. Hence, as shown in 2l the age An is
shortened accordingly through the purification operation.

Similarly, we calculate the maximum age N that achieves the lowest fidelity threshold according to

F(N)=F. as
N = {%111&(;?0:1)-‘ (6)

Note that the fidelity F}(n) always represents the larger fidelity EPR pair out of the two stored ones
when the memories are full and is exactly calculated using (). Hence, right after a fidelity jump in Fig. [l
F5(n) represents the older EPR pair and the fidelity of the only EPR pair in the system when it is not full
(cf. the figure). The value of F5(n) is quantized according to (&) during purification.

3.1 DTMC model of the age of the stored EPR pairs

We model the fidelity of the EPR pairs stored in the system by a DTMC with states (Ang, Ang) ~
(Fi(n), F»(n)) representing their age such that Ang always represents the oldest (smallest fidelity) EPR



pair in the system. We assume that the system has initially one EPR pair with perfect fidelity, thus the
initial system state is (—oo,0) at time n = 0, where —oo stands for the non-existing second EPR pair. We
illustrate the system DTMC in Fig.[3l where we denote the state transitions to be either forward or backward.
The forward transitions represent the time evolution before attempting purification, i.e., the age progression
of EPR pairs. We summarize the forward transitions as

(4,j) = (min{¢ + 1, N},min{j + 1, N}) w.p. 1 — py,
(—OO,j) - (Ovmin {] + 17N}) W.p. Pg- (7)

The backward transitions are a result of a purification attempt as in

Success: (i,7) = (0, Any(i, j)) w.p. pg ps(i, ),
Fail: (7’5.]) - (—OO, O) W.p. pg(l _pS(Zv.]))v
Vie {0,1,.., N}, j>i, 8)

where An,(i,7) and ps(4,7) are the age of the successfully purified EPR pair (f) and the probability of
purification success (Bl at state (i,j), respectively. The purification attempt occurs upon entanglement
generation subject to a full quantum memory, thus it only appears when i # —oo. In case of a purification
failure, the two stored EPR pairs are lost and only the newly generated EPR pair remains, thus the system
state resets to (—o0,0).

The backward transition probabilities are state-dependent since the success probability depends on the
fidelity levels (@), i.e., the age and «. We describe this dependence in Fig. Bl by the dotted arrow representing
the existence of a state-dependent transition from each state within a block to a corresponding state in the
destination block. We define a block in Fig.[3to comprise the states within a horizontal row which represents
the states S,,, = {(m, )} Vj > m,j € {0,1,.., N}. Note that not only do the transition probabilities vary in
the case of successful purification but also the destination state (0, Any(7,7)). As illustrated the destination
state is a function of the current state as well as a. Note that a careful choice of «, i.e., the time discretization
with respect to the decoherence rate is crucial for the design of the DTMC.

We represent the transition matrix of this Markov chain in terms of sub-matrices describing the transitions
between blocks of the DTMC as depicted in Fig. B with the states ordered as

[(—00,0)... (=00, N)(0,0)...(0,N)...... (N, N)] by
On:11X0 X oo Oniin 0 7
foOnvin Dy Xo
Q- | fiovy  DiOwn X ©)
0
: : : 02 Xno1
| fn0ixn Dnx Oin ... 01n 1—p,)

The forward transition implies the transition from one block to the next one, thus resulting in the sparse
matrix structure, where X,,, is an N —m+ 1 x N —m matrix, with 0 < m < N — 1, representing the forward
transitions in (7). We express this matrix as

X, = (1 —py) {OlNleml 1},O§m§N—1, (10)

while the N + 1 x N 4+ 1 matrix X_, represents the forward transitions due to the successful generation of
an EPR pair when only one EPR pair is stored, which we express as

X oo = [On+1,1]1 — Xo], (11)

where [.|.] represents the column-wise concatenation operation. The probabilities of entanglement generation
resulting in a failed purification attempt, thus the backward transitions in (8)), are represented by the
N —m +1 x 1 vectors

fm = Dg (1 - [ps(m,m)aps(m,er 1)7 ....,ps(m,N)]T) ) (12)



with ps(7, ) being the probability of purification success at state (i,7) known from (B]). Additionally, D,,
includes the backward transitions due to a successful purification expressed in (8). We express the elements
of the matrix representing the transition from state (m, j) to state (0, k) by

Dm[(ma.])a (07 k)] = pgps(mvj)]lk:Anp(m,j); 0 <m< N7 (13)

where 1 is the indicator function.

3.2 Obtaining the fidelity distribution from the DTMC

The classical steady-state solution to the DTMC to obtain the steady-state probability vector p involves
solving the linear system of equations p? Q = p’ with the normalization condition p’e,, = 1, where Q is
the transition matrix, e, is an all-one column vector of length ns while n, being the number of states. Since
the number of equations in the linear system grows quadratically as O(N?), we make use of the problem
structure and derive next a reduced problem that requires solving only N + 1 equations. We denote the
probability of a state (¢,7) as p; ; and the column probability vector of the block states S; as p;. Moreover,
we denote the part of the transition matrix representing the transitions from all the states to the states .S;,
i.e., a block column in Q, by Q;. For example Q_, and Qg represent the first and the second block column
in Q as given in ([@). Using the steady-state description from above and (@), we express p; in terms of Q; as

PTQi = PiT- (14)

The key idea to reducing the system of equations to N + 1 is by relating the steady-state probabilities of
all the states in terms of py using the structure of the DTMC and the transition matrix ([@). The structure
of the DTMC implies that the states Sy link all the states together. First, the states S;, ¢ > 0 recursively
originate from the forward transitions of Sy as given by the corresponding block columns Q;. Equipped with
this idea, we can recursively derive p; : ¢ > 0 in terms of py using (@) and (I4), i.e., the recursive structure
starts from the third block column in (@). This recursive structure leads to

i—1

m=0
Similarly, we derive py as

1
PN :PJTV_1XN71 + (1 =pg)pn = p—P]Tv—1XN71-
g

Note that py represents only one state, i.e., py n. We further derive py using the expression of py_; in
terms of py from (IH) as

1
px=—p; [] Xm. (16)

Now, the state (—o0,0) is the destination of the states S;, ¢ > 0 as a result of the backward transitions
capturing the failed purification attempt which is represented by the first column in Q. Therefore, using
(@), we derive p_co,0 in terms of p;, ¢ > 0 as

N N—-1
Pooo = Prfm =00 fo+PNfN+ D Phfm.

m=0 m=1
Consequently, using the expressions in (I5) and ([8) we obtain

N—-1m-—1

N-1
P00 = Py fo+pi I Xmfn+ >0 I Xafm|
9 m=0

m=1 n=0

=pl ®. (17)
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Figure 4: The simulation of a link with | = 15km validates the analytical distribution of the fidelity of the
older EPR pair as calculated from the DTMC model.

Next, the states S_, are recursively related by the forward transitions according to Q_, as

P-oo,j = (1 _pg)p—oo,j—l =(1 _pg)jp—oo,Ov 0<j<N,

1—p 1—py )V
P—oco,N = gpfoo.,Nfl = ﬂpfoo,o-
Dy by

T
Let p = [1, (1=pg) s (L =p) N (1 = pg)N /pg| , we rewrite p_ o, in vector form in terms of py as

P’ o =P P’ =1} p”. (18)

Finally, Sy is the destination of all the states according to Qg, i.e., from S_, according to the forward
transitions in (7)) and from all the other states according to the backward transitions due to successful
purification in (8)). Therefore, we describe this relation using (I4]) as

N
poT :pzooX*OO + Z pZ@Dm- (19)

m=0

As a result, the linear system of equation to be solved is reduced to

PL® =0ny11,
B =1, (20)

where we derive ¥ using (1)), (I8) and (IX) in (@) as

N—-1m-—1 N-1
1
Vi=Iy-®p"'X o —-Do- > [[ XuD— — [[ XD, (21)
—1 e Pg =
m=1 n=0 m=0

in addition to B using ([I3), ([I6) and ([I8) in the normalization equation as

N—-1m-—1 N-1

1
B:=®p eni1+eni+ Z H XneN-—mi1+ o H X (22)
m=1 n=0 9 m=0
We rewrite (20) in a short form as
2o [®[8] = [01,541]1]. (23)

using the column-wise concatenation operation [.|.].
The linear system of equations in (23] is of rank N + 1, where its solution yields the value of pg. In
addition, we obtain the other steady-state probabilities by substituting py in (IH), (I6) and ([I8).
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Figure 5: The trade-off between the average number of stored EPR pairs and their fidelity by applying
purification on the stored qubits for an increasing link distance: (a) The analytical average fidelity of the
two EPR pairs F; and F} in case of applying purification is larger. (b) The average number of the stored
EPR pairs is, however, smaller in the case of applying purification.

4 Numerical Validation

In this section, we validate our DTMC analytical approach with simulations and show the trade-off between
the steady-state average fidelity of the stored EPR pairs defined as F; := lim E[F;(n)] and their average
n—oo

number for an increasing link length ranging between 5km and 30km. We set the attenuation n = 0.15 dB/km
and the decoherence time ¢, = 1 ms similar to [I8[I9]. We assume a perfect generation of EPR pairs and
use a fidelity threshold F. = 0.55.

In Fig. Ml we validate the steady-state analytical cumulative mass function (CMF) of the older EPR pair
with the result from the simulation for [ = 15km.

We illustrate in Fig. [0l the rate-fidelity trade-off achieved by applying purification beyond generation to
the stored EPR pairs in our system with two quantum memories. Intuitively, while purification improves
the average steady-state fidelity of the two stored EPR pairs as shown in Fig. [Bal it results in a reduction
in the average number of the EPR pairs as shown in Fig. Bl since we sacrifice one EPR pair for successful
purification and both in case of failure. Note that F) represents the average fidelity of the higher fidelity
EPR pair when it exists, i.e., when the quantum memories are full.

5 Related Work

Link-level entanglement is the first step towards long distant quantum communication. The authors of [9]
propose a physical and link layer protocol to provide a robust link-level entanglement generation between
quantum communication nodes. Specifically, the proposed protocol organizes the link-level entanglement
generation requests to ensure the fidelity desired by the applications at the expense of the increased generation
time. Nitrogen vacancy (NV) centers in diamond platform [20] is one way to generate desired fidelity EPR
pairs, where higher fidelity EPR pairs require longer generation times. A different method relies on recurrence
purification algorithms, which use two EPR pairs per round to obtain a higher fidelity one. The work
in [IT] proposes an approach that purifies two EPR pairs using polarization mode dispersion and derives an
expression of the improved fidelity as well as the probability of purification success. Several other works such
as [I0LI3] provide quantum operation-based procedures for the purification of two EPR pairs.

Starting from the Lindblad formalization of the qubit interaction with the environment, i.e., decoherence,
as time first order differential equation [21], the time dynamics of the fidelity can be analytically expressed for
different phase damping models [6]. Using this concept, the works in [I0] express the exponentially decaying
fidelity over time of the EPR pairs. Hence, quantum communication nodes need to address the effect of the



decoherence on the stored link-level EPR pairs by estimating their fidelity to ensure meeting the desired
application requirements. For that reason, the works in [I41[19] drop qubits from the memory after specific
cut-off times to ensure a minimum fidelity requirement. Specifically, the authors in [I4] probabilistically
model the cut-off times by an exponential distribution. On the other hand, the work in [I6] models a
quantum queue without dropping qubits and derives an expression on the average queuing delay, thus it can
estimate the average decoherence a qubit suffers in the queue. Overall, these works differ from this paper
in the sense that we target the derivation of the steady-state distribution of the fidelity of EPR pairs on one
link given a continuous purification after generation protocol.

6 Discussion & Open problems

In this paper, we used a DTMC to model the fidelity of the EPR pairs for a quantum communication link in
a few (two) quantum memory system. We used this model to calculate the steady-state distribution of the
fidelity of the EPR pairs. The model shows the improvement of the fidelity in terms of its distribution of
the existing EPR pairs by applying a purification beyond generation protocol at the expense of a decrease
in the average number of ready EPR pairs in the system.

Extending the model to more than two quantum memories or a quantum memory queue is open for
future work as well as incorporating a request process that consumes the EPR pairs as required by the
desired application. Moreover, having more than a few EPR pairs stored in the queue raises a question
about the appropriate purification beyond generation protocol and when it should be applied. Further, the
problem of calculating the distribution of the continuous fidelity is open and is considered much more complex
due to the stochastic behavior of the entanglement generation and purification as well as the dependence
between the fidelity at the purification points resulting in random recursive equations.

References

[1] A.S. Cacciapuoti, M. Caleffi, R. Van Meter, and L. Hanzo, “When entanglement meets classical commu-
nications: Quantum teleportation for the quantum internet,” IEEE Transactions on Communications,
vol. 68, no. 6, pp. 3808-3833, 2020.

[2] F.-G. Deng, G. L. Long, and X.-S. Liu, “Two-step quantum direct communication protocol using the
Einstein-Podolsky-Rosen pair block,” Physical Review A, vol. 68, no. 4, p. 042317, 2003.

[3] R. Ursin, F. Tiefenbacher, T. Schmitt-Manderbach, H. Weier, T. Scheidl, M. Lindenthal, B. Blauen-
steiner, T. Jennewein, J. Perdigues, P. Trojek et al., “Entanglement-based quantum communication over
144 km,” Nature physics, vol. 3, no. 7, pp. 481-486, 2007.

[4] M. Epping, H. Kampermann, D. Bruk et al., “Multi-partite entanglement can speed up quantum key
distribution in networks,” New Journal of Physics, vol. 19, no. 9, p. 093012, 2017.

[5] M. Caleffi, A. S. Cacciapuoti, and G. Bianchi, “Quantum internet: From communication to distributed
computing!” in Proceedings of the 5th ACM international conference on nanoscale computing and
communication, 2018, pp. 1-4.

[6] A.S. Cacciapuoti and M. Caleffi, “Toward the quantum internet: A directional-dependent noise model
for quantum signal processing,” in ICASSP 2019-2019 IEEE International Conference on Acoustics,
Speech and Signal Processing (ICASSP), 2019, pp. 7978-7982.

[7] M. Schlosshauer, “The quantum-to-classical transition and decoherence,” arXiv preprint
arXiv:1404.2655, 2014.

[8] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information: 10th Anniversary
Edition. Cambridge University Press, 2010.



19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

21]

A. Dahlberg, M. Skrzypczyk, T. Coopmans, L. Wubben, F. Rozpedek, M. Pompili, A. Stolk,
P. Pawelczak, R. Knegjens, J. de Oliveira Filho et al., “A link layer protocol for quantum networks,” in
Proceedings of the ACM special interest group on data communication, 2019, pp. 159-173.

W. J. Munro, K. Azuma, K. Tamaki, and K. Nemoto, “Inside quantum repeaters,” IEEE Journal of
Selected Topics in Quantum Electronics, vol. 21, no. 3, pp. 78-90, 2015.

L. Ruan, B. T. Kirby, M. Brodsky, and M. Z. Win, “Efficient entanglement distillation for quantum
channels with polarization mode dispersion,” Physical Review A, vol. 103, no. 3, p. 032425, 2021.

J.-W. Pan, C. Simon, C. Brukner, and A. Zeilinger, “Entanglement purification for quantum communi-
cation,” Nature, vol. 410, no. 6832, pp. 10671070, 2001.

D. Deutsch, A. Ekert, R. Jozsa, C. Macchiavello, S. Popescu, and A. Sanpera, “Quantum privacy
amplification and the security of quantum cryptography over noisy channels,” Physical review letters,
vol. 77, no. 13, p. 2818, 1996.

G. Vardoyan, S. Guha, P. Nain, and D. Towsley, “On the stochastic analysis of a quantum entanglement
switch,” ACM SIGMETRICS Performance Evaluation Review, vol. 47, no. 2, pp. 27-29, 2019.

——, “On the exact analysis of an idealized quantum switch,” ACM SIGMETRICS Performance Eval-
uation Review, vol. 48, no. 3, pp. 79-80, 2021.

W. Dai, T. Peng, and M. Z. Win, “Quantum queuing delay,” IEEE Journal on Selected Areas in Com-
munications, vol. 38, no. 3, pp. 605-618, 2020.

S. Guha, H. Krovi, C. A. Fuchs, Z. Dutton, J. A. Slater, C. Simon, and W. Tittel, “Rate-loss analysis
of an efficient quantum repeater architecture,” Physical Review A, vol. 92, no. 2, p. 022357, 2015.

M. Mobayenjarihani, G. Vardoyan, and D. Towsley, “Optimistic entanglement purification with few
quantum memories,” in 2021 IEEFE International Conference on Quantum Computing and Engineering
(QCE), 2021, pp. 439-440.

T. Coopmans, R. Knegjens, A. Dahlberg, D. Maier, L. Nijsten, J. de Oliveira Filho, M. Papendrecht,
J. Rabbie, F. Rozpedek, M. Skrzypczyk et al., “Netsquid, a network simulator for quantum information
using discrete events,” Communications Physics, vol. 4, no. 1, p. 164, 2021.

D. Riedel, I. Séllner, B. J. Shields, S. Starosielec, P. Appel, E. Neu, P. Maletinsky, and R. J. Warburton,
“Deterministic enhancement of coherent photon generation from a nitrogen-vacancy center in ultrapure
diamond,” Phys. Rev. X, vol. 7, p. 031040, Sep 2017.

M. A. Schlosshauer, Decoherence: and the quantum-to-classical transition. Springer Science & Business
Media, 2007.

10



	Introduction
	Model and Problem statement
	Approach
	DTMC model of the age of the stored EPR pairs
	Obtaining the fidelity distribution from the DTMC

	Numerical Validation
	Related Work
	Discussion & Open problems

